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M.A/M.Sc. (Final) Examination, 2020
MATHEMATICS
Paper VI (Comp.)
(Functional Analysis)

Time Allowed : Three Hours

Maximum Marks : 100

This question paper contains three

sections as under :

Section-A gug ‘A’ Max. Marks-10

This section contains one compulsory question

with 10 parts, having 2 parts from each unit, short
answer in 20 words for each part. All questions carry
equal marks.
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aE ‘' Max. Marks-5¢

Section-B
ection contains 10 guestions

This 8 having 2
m each unit. Answer 5 questions (250

questions [ro
words each) selecting one question from each unit. All

questions carry equal marks.
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Section-C
This section contains 4 descriptive type questions
(questions may have sub-divisions) covering all units
but not more than one question from each unit. Answer
any two questions (600 words each). All questions carry
equal marks.
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Section A

i) Define diameter of a set

iy Define closed ball.

Define convergent sequence in metrnc

T
space.

(iv’ Define fixed point.

{v) Define Banach space.

(i) Define norm of a continuous linear

transformation.
i) Define inner product space.
cut) State Cauchy Schwarz's inequality.
.t Define orthogonal complement.

1 Define self-adjoint operator.

K] [Contd...

Section B

UNIT-]

" ot (' be the nel of all roal valued bounded

s dgﬂl’“"’d on IU. ” If d I8

continuous function

defined by d(/. R) = aupl |x) - gix)| :x € [0, 1),

f. & ¢ C. then show that (C, d) is metric space.

3. In a metric space, show that each open sphere

is an open sel.
UNIT-II

4. Show that every complete metric space is of

second category as a subset of itself. |

5. Show that every contracting mapping is

continuous mappi;,‘.
UNIT-III

6. State and prove Minkowski's inequalit
Y.
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7.

10.

1656 5

Let N and N’ be normed linear Space then show
that the set B(N, N’ of all continuous linear
transformations from N into N° is itself a

pace with respect to pointwise

normed linear 8

linear operations (T, + Ty)x

(@THx) = oT(x) and the norm is defined by

My = supliT&x)l @ x € N, Ikl < 1k

UNIT-IV
mapping theorem.

State and prove open

Prove that every inner product space is a

normed linear space.
UNIT-V

Let M and N be closed linear subspace of a

Hilbert space H, such that M L N. Then show

that the linear

e

subspace M + N is also closed.
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11.

12.

13.
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If T is an operator on a Hilbert space H. then

show that (Tx, x) = 0 v xe Hes T =0

Section C

(@) Let A be a subset of a metric space
(X, d). Then show that a point x € X is
an adherent point of A if and only if

d{'x! A} = 0‘,

b
(6) If a Cauchy sequence in a metric space
has a convergent sub-sequence, then show

that the sequence is convergent.

(a)
Let Y be a sub-space of a complete metric

B8
pace (X, d). Then show that Y is complete

= Y 18 QIWEd,

(b) Let '
N and N’ be normed linear sSpace

with same scalars
and let T : N
- — N’ be
a li
inear transformal.ion. then show that T
| at
is bo 1
unded < T 1S continuous.

6
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) @) Show that a non-empty subset X of a normed

hnear space N is bounded if and only if
AX) is a bounded get of numbers for each

f in N* (conjugate space of N).

(b) Show that a closed convex subset C of a
Hilbert space H contains a unique vector
of smallest norm.

15. (a) State and prove Bessel's inequality.

(b) If M and N are closed linear sub-spaces
of a Hilbert space H, P and Q are

projections on M and N respectively, then
show that :

M LNePQ=0cQP=0
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